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Abstract. We generalize the idea of a multiplier in two different ways. First of 
all, we consider multipliers in the form of a vector acting on a scalar function. 
Using this technique we are able to show that for t 2 < p* - 1 and 1 < p < 2 or 



ReB ^ 
tI 



> ((p*-l) 2 + T 2 )^,whereBis the 



tel and 2 < p < oo, 

LP(C,C)^LP(€,€ 2 ) 

Ahlfors-Beurling operator, I is the identity operator and p* - 1 = max jp — 1, j . 
Secondly, we consider matrix-valued multipliers to obtain a new proof showing 
that \\B\\ L p( €) ^ LP{C) >p*-l. 



1. Introduction 

The results of Geiss, Montgomery-Smith, Saksman [7] generalized from an idea 
of Bourgain [4] seems to be quite robust. Bourgain originally used this technique 
for the Hilbert transform, to get an LP lower bound in terms of UMD constant. 
Geiss, Montgomery-Smith, Saksman were able to generalize this quite a bit fur- 
ther to the class of real-valued, even multipliers that are continuous and homo- 
goenous of order zero. The argument, with a little bit of effort will generalize 
even further. We are able to get a lower bound of an operator corresponding to 
either vector-valued multipliers or matrix-valued multipliers also in terms of the 
natural generalization of UMD. With matrix valued multipliers, one can get the 
lower bound of an L p operator corresponding to a complex multiplier in terms of 
UMD. We present the Ahlfors-Beurling operator as such an example. 



2. Vector-valued Multipliers 

2.1. Definitions and Notation. Let 1 < p,po < 00 and m : IR" — > C be bounded 
function. We say that m is the multiplier corresponding with the operator T m , if 
T m f := ( m /) V is a bounded operator from L P (IR' ! ) — » L Po (IR' ! ), considering func- 
tions f e S. Where and v are the Fourier transform and its inverse and S 
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is the Schwartz class. The space of all such m is denoted ^# p p (IR' ! ) with norm 
IMLr ' (K») - W T > 



mULP^LPo- 



Similarly, for 1 < p,p < oo we can consider a bounded sequence a = {a k } ke x n c 
C. We say that a is the discrete multiplier corresponding the operator T a , if 



(T fl /)(0):=(fl/) v (0)= J^a k f(k)e^ 



keZ n 



is a bounded operator from L p (T n ) — > L Po (T"), considering functions / being 
trigomometric polynomials on T" := [-n,n) n . The space of all such a is denoted 
(Z") with norm ||«||^# pp (Z") := >i^o - In this paper, we will just take 



= m(fc) and call m the discrete multiplier under this restriction so that the op- 
erator is defined as (T m f)(0) = L fceZ „ m{k)J{k)e i{k ' 6) . 

Generalizing the idea of a muliplier, let us consider M = { 

wii}i<i<m as a vector- 
valued function whose entries are bounded functions from JR d to C and p,p such 
that 1 < p,p Q < oo. We say that M is the multiplier corresponding to the op- 
erator T M , if T M f := (M/) v (the inverse Fourier transform defined component- 
wise) is a bounded operator from I/(IR d ,(C) to LP°(R d ,C m ), considering functions 
/ from E rf to C in S. Note that T M f = fM as an extension of the scalar case and 

H/llSo(]R*,c*) := \w H/( x )llc'» dx - We use the notation M = {mi)\<i< m to denote the 
discrete multiplier. 

Remark 1. We will use the notation c Z / m' Po (M d ) to denote the class of all continuous 
(except possibly at zero) and homogeneous of order zero vector multipliers, where 
||M|| % wo := ||T M || L p (K rf XHL p (]Rrf,c'") for an y such M e % P ' P °(K d ). 

2.2. Operator Norm of a Quadratic Perturbation of Martingale Transform. Let 

{ r n)n>o the Rademacher sequence. Let {F N } N > and {Gn}jv>o be C-valued martin- 
gale difference sequences of the form 

N N 

F N = ^_&k(rQ,...,r k _ x )r k , G N = Y^Pkdk(ro,---,r k - X )r k 

k=i k=i 

where d k : {+l} k — » C is integrable and /S is a vector with entries /3, 6 ±1. For 
any particular such ft, MT^(F N ) :- is a martingale transform. Let x 6 JR and 



xl 



: LP (C) -> LP" (C 2 ) be defined as F N ^ ' ° N 



xF 



N 



Then 
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( MT ? \ 
rl 







L~k=\ 


(ft' 









dk(ro,---,r k -i)r k 



= sup ■ 

LP(C)^IPo(C 2 ) ? 



Po 



Lk=l d k( r 0'---' r k-l) r k\\ f 



(2.1) 



Definition 2. C?„ Q 



Note that C£ p = ((p* - l) 2 + t 2 )^ for t 2 < p* - 1 and 1 < p < 2 or t e E and 
2 < p < co and shown in [1], J2| and [3],where p* = max{p, }■ 

2.3. Transference. The following results are called transference properties of mul- 
tipliers. The main result that we will prove is a lower bound for \\T M \\ L p^^ L p i R dy 
Transference allows us to reduce this to getting a lower bound for 1 1 Ijvr 1 1 rj' (tt)— »tPo (Tr d )^ 
which is easier to work with. 

Lemma 3. Suppose 1 < p < p < oo andM e ( V„ p ' Po (lR d ), then WTMWip^d^^ipo^d^m^ > 

\\ T m\ \lp (T rf ,CHLro (T rf ,C" ) • 

Proof. The proof that we present here is a generalization of the proof in J8], on pp. 
221-223, for m being a scalar valued multiplier, so we will briefly describe the 
difference in the argument needed. We claim that for P and Q being trigonometric 
polynomials, L E (x) = e~ n ^ and -j- + j- = 1 we have 



r ■ 



J 



((T Ki P)(x),Q(x))dx = \ime2 (T M (PL±)(x),Q{x)Lj,(x))dx. 



Indeed, by linearity we can just consider P(x) = e 27n 0'*) anc [ Q(x) = e 2ni ^ k ' x ^b, where 
b eC". ByParseval's identitywe have that L, (T^P(x),Q(x)) C mdx - (M(j),b) C m5j k . 
On the other hand 



£ 5 \ {T M {PLe )(x),Q(x)Le (x)) C mdx 



Polo 



f 

J]R rf 



(M(^),fo) cme - 



We get that I — > 5;^ as £ — > proving the claim. 

Now we consider P and Q as trigonometric polynomials, not just the particular 
monomials used in the proof of the claim. Let ^ + ^ = 1 and now we can estimate 
and get 
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{(TaP)(x),Q(x))dx 



lime 5 f (T M (PL^)(x),Q(x)) c ,„L^(x)dx 



< limsupe? T M (PLj^ 



< limsup||T M | 

£^0 



Lco(]Rrf) 



Lio(TRd) 



E 2 raPL±_ 

P0 



LP(1R d ) 



£ 2 w QL_ 



\\TM\\\\P\\LP(T d )\\Q\\Lio(T d )> 



The last line uses the fact that for a continuous function g the Poisson summation 
formula gives 



df_ r cpn\x\ 2 r 

lim£ 2 Po g(x)e p o dx = \ g(x)dx 



and similarly with q,q replacing p,p . Note that ||T M || = ||T M || LP(]R rf ;(C) ^ L p 0(]R d /Cni) . 

□ 

Lemma 4. Suppose 1 < p < p < oo andM e c Vm' Po (lR d ), then 1 1 | I^p (]Rrf,c)^i-''o (]R <i ,C" i ) - 

\\ T m\ \lp (1 d ,C)^LPo (T rf ,C" ) • 

The proof of this is a similar modification to the scalar case (see pp. 223 - 225 
in as was just shown in Lemma [3j 

2.4. Lower Bound of Vector-Valued Multipliers. Let Q = T d and 3/%^ be the trigono- 
metric polynomials from Q k to C. The following two theorems are generalizations 
of the results in |7j]. We give a slightly different argument to both that also require 
some modifications in the more general setting. 

Theorem 5. Let M e < ^^' Po (IR d ) be the multiplier corresponding to T M and 



M 



e i(ix,e x )__ e i{h,B k ) 



i{ji.ei) mmme i(ik.Bi) 



If<& k eE k = clos LP {/ e 3\ : J f(0 1 ,...,6 k )d9 k = 0} and 1 <p < p < oo, then 



N 



k=l 



^ \\T m \\lp(Q,C)^LPo(Q,C" 



LPo(QN) 



N 



k=i 



LP(Q N ) 



for all 6 E lr ...,0 N € E 



N 
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Proof. Let rj e Q, f k a polynomial in E k and N e Z+. For notation we define 
f k {Q x ,...,Q k ) := f k (e 1+ Nri,...,e k + N k ri). Then for all / 6 Z + , 



Ilp(q/) W 



= f f - f r//t(0i+N»;,...,0 i fc+NS) 

JqJq Jq ^7 

nYf k { Ul ,,...u 
j Jo j-r 



dd x ddj dt] 



(2n) d "' (2n) d (2n) d 



(2.2) 



IQJQ 

J 



du\ duj dr\ 



(2n) d (2n) d (2nf 



k=i 
Similarly, 



J^f k (u v ...,u k ) 



v(Q>) 



r Yjy>^ e * 

^ y fc=i 



Po 



LPO(QJ) 



dt] 
(2nf 



I 



^T^f k (u u ...,u k ) 



Po 



V0(QJ) 



(2.3) 



For fixed 6 = (6i,...,6 k ) we will use the notation F^{t]) :- f k (6 lr ...,d k ) to em- 
phasize that we are thinking of the quantity as a function of t] and 6 as a parame- 
ter. This is because can only act on a function of one variable t] e Q. Also, from 
this point on in the proof, all measures will be normalized Lebesgue measures. 
We claim that 



lim 

N— >co 



r 7 Po r 7 

JQ k=l LP0(QI,6) Q k=1 



Po 

dd 

LP0(Q,r,) 



(2.4) 



with convergence being uniform. Let us prove this claim. 

Since f k {9 x 0*) = L/ ie z» ■ ■ ■ L/ ie z» ^h,...,l/ (h ' dl+Nr]) ■ ■ ■ e'^ +N ^ then 

-rytfr e k ) = ^M(/ fc )x /l ,..., /te i (^ 1 +N '?)... e i (^ +N ' tf ') 

and T^Fg(rj) = L h eX« ■ ■ ■ L k &nM{Nh + - + N k l k )x lu ..j/( l ^ +N >l) . . . e^,e l+ N« n ) But> 
M{Nl x +--- + N k l k ) = M(l k + ±l k _! + ■ ■ ■ + jfcxli) -> M(l k ) as N -> oo. Note that Z fc * 
by how we defined so the fact that M may not be continuous at the origin is 
fine. Then, 



L tjy>^ **) 

k=i 



Po 



dt] 



LP0(QJ,6) 



r 7 



Po 



dd 



v°(Q,tl) 
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< 



y-'y k=i 

( r 1 

\ J u k=i 



Po 



drj 



LPo(Ql,0) 



( r 1 



4w 



Pa 



di] 



LP0(QI,8) 



fhe x ,...,e k )-T M F k e {ri) 



Po 



drj 



VHQ',0) 



< 



N^>ca 



^0 



XL ■■• h iJc-ii m w +---+N k i k ) -M{i k )\r 

\k=\\ x eU l l k eX" 
This completes the proof of the claim. 

Now we just need some easy estimates to finish the proof of the Theorem. For 
notation, let it - (u\,...,U]) € and du\ the normalized Lebesgue measure on TT d . 
Then for sufficiently large N and a given e > 0, we can use (12.21) , 02.311 and (12.4ft to 
get 



L r k=1 Ttf k ( Ul ,...,u k ) 



Po 

LP0(Qj,it) 



< 



J U k=l 

r 7 

Jo' t-f 



Po 



drj 



Wo{Qj,it) 



dd + e 



LP0(Q,rj) 



^W T mW P LP(Q)^LP0(Q) I 

/y k=l 



= IIV' P ' 



M"LP(Q)->LP0(Q) 



r 1 

■J* £ 

f f EH" 

Jo' Jo t-r 



d0 + £ 



dij 



< \\Tm" P 



Mll i f '<Q)-f'"(Q)l J q; J q /_ F e(n) 



dtjdd 



+ £ 



M"LP(Q)-^LPo(Q) 



J 



f t (d U ...,d k ) 



\\Tm" P 



M»LP(Q)-^LPo(Q) 



Jq 7 £ 

/ 

J^f k {u lr ...,u k ) 

k=l 



Po 
> P 



d0 

l?(0»/) ^ 



+ £ 



V (Qj.it) 



(2.5) 
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Theorem 6. Fix x e 1R and let M 



■ 



such that m : IR — > 1R be even, con- 



tinuous (except possibly at the origin) and homogeneous of order zero multiplier. If 
there exists v ± e S d ~ l (the unit sphere) such that m(v ± ) = b ± , b + = -b~ > then 



2C T 

II'^mIIlp(]R' < ,C)^LP0(]R'',C 2 ) - 6 + -6~- 



Proof. For this proof we will continue using the notation Q to represent TT d . Let 
e > be given. By the definition of CI„ , there exists p = (fa,..., fa) and complex- 
valued d 1 (r ),d 2 (r , r 1 ),...,d N (r ,...,r N _ 1 ), where fa e {±1} such that 













r k d k (r 0r ...,r k _i) 







Po 



L k= ir k d k {ro,...,r k _x)\\ p 



< e 



(2.6) 



Let b > be given and m(v ± ) = S*, then there exists {n^} c Z d such that ||m(w^) - 
m(v ± )|| < b for k sufficiently large. To ease notation, let r& be one such n%. Since 
sign is an odd YP function on [-n,n) then sign(0) = ZL;eZ\{0( c ; sin(y0) for some 
Cj's, where 6 e \-n,n). Let i/' ± (0) = sign(n ± , 6), 6 e Q and {«/c}£i an arbitrary 
sequence from {b^. Then if we define 



ip + a k = b + 
ip~ a k = b~ 



an easy computation shows that 



T^[tp k (e k )d k (xp (e ),... r tp k _ 1 (e k _ l ))} 



M{n + )xp k {e k )d k {M6 Q ),...,xi> k _ l {e k _ l )) ,a k eb + 
M(n-)tp k (e k )d k (xl) (e ),...,xl) k _ 1 (e k _ l )) ,a k eb~ 



Since (r ,...,r N ) has the same distribution on [0,1) as (ip (6i),...,ip N (ip N )) has 
on Q N then 
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t \ 




a k 









r Jc^Jc( r 0'---' r ic-l) 



IPO [0,1) 



N 

L 



T 



<Pk(6k)dk(ipo(do)>--->ipk-i(dk-i)) 



< 



k=l V / 

N 



^M((« + V n-) k )il> k (e k )d k (xlJ (e ), . (0 fc _! )) 



Jc=l 



+ 



N 



/ \ 



-M((n + V n 



LPO(QN) 

^k(0k)dk(M&o)'-^k-i(0k-i)) 



=: 7 +7J 
The notation 



M((« + V« = 



M(n + ) , ifa fc = <5 + 



M{n~) ,iia k - b~ 
and we similarly define M((v + V v~)jc)- Now, 

N 



II = 



< 



k=l 

N 



LPO(QN) 



&J^\tyk(6k)dk(tyo(6o)>--->tyk-i( e k-i))\\w(QX) 



k=l 



I = 



N 



Using Theorem [5] gives 

N 

Ti[ip k (d k )d k (ip Q (d Q ), . ..,ip k ~i (e k -i))] 

k=l 

^ \\ T m\\lp(Q,C)^LPo(Q,C 2 ) 
= \\ T mWlp(Q,C)^LPo(Q,C 2 ) 

So, all together we have 



LP«(Q h 



J^ J p k (e k )d k (tp (e Q ),...,^ 1 (e k ^)) 

k=l 
N 

2y k d k {r ,...,r k _ 



LP(Q N ) 



k=l 



LP [0,1) 
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t \ 






a k 


r kdk( r 0>---> r k-l) 







IPo [0,1) 



^ \\ T m\\lp(Q,C)^Lpo{Q,C 2 ) 



N 



^r fc 4(r ,...,r fc _! 



(2.7) 



L p [0,l) 



Now that we have our main estimate we just need to rescale S ± to +1 to get C 
into the estimate. Let A - then we can choose the correct a k so that 



T 

P'Po 




where /Sj. satisfies the estimate in (I2.6H . We can use (12.6P and (I2.7D to get 



^P-Po 













r k d k {rQ,...,r k _ x ) 



Po 



IIZfcLi'"fc4(^---^fc-i)llp 
^ 1^1 II'^mIIi''(q,c)^l po (q,c 2 ) + £ 

^ l^ll|7MllLP(]R rf ,C)^Li , o(IRrf,C 2 ) + £ 

where the last inequality is due to Theorem [3j 



+ £ 



□ 



Corollary 7. Fix t € 1R and let M 



in 

X 



, where m is the multiplier corresponding to 



the real or imaginary part of the Ahlfors-Beurling transform. Then m takes a maximum 
and minimum value of ±1 on the unit circle and therefore 1 1 Tiv^r I li^ (CC) (<C,C 2 ) — ^p,p- 

Note that C^ p was computed as ((p* - l) 2 + x 2 )^, for |t| < \ and 1 < p < 2 or 
x € IR and 2 < p < oo in [TJ, [2j] and [3j. For a definition and properties of the 
Ahlfors-Beurling operator look ahead to Section [3751 

Remark 8. We expect the converse inequality to be the same. So this lower bound 
technique will be sharp just as when x = 0. This tells us that if we are able to 
determine the operator norm of some perturbation of the martingale transform, 
then we will be able to determine the lower bound of the same perturbation of 
"ReB and ImB, using the same proof as here. 
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3. Matrix- Valued Multipliers 

3.1. Multipliers. Generalizing the idea of a scalar muliplier, let us consider M = 
\ m i]\\<i,]<m as a matrix-valued function whose entries are bounded functions from 
M n to C and p,p such that 1 < p,p < oo. We say that M is the multiplier cor- 
responding to the operator T M , if T M f :- (M/) v is a bounded operator from 
LP(M n ,V") to I/"(lR",<C m ), considering functions / from M n to <C m with compo- 
nents in S. Note that the Fourier transform of / is defined componentwise and 

ll/lllP(jR»,C m ) : = J K » \\f( x )\\c»' dx - We use the notation M = {rhi])\<i,i< m to denote the 
discrete multiplier. 

Remark 9. We will use the notation J'SflR 1 ') to denote the class of all m x n 
multipliers whose components are continuous (except possibly at zero) and ho- 
mogeneous of order zero , where ||M|| ^p.po := WTMWip^d^n^ip^d^,,,) for any such 
MejfS(R d ). 

3.2. Generalizing Unconditional Martingale Differences. The idea of an Un- 
conditional Martingale Difference (UMD) will be generalized here. Let X be a 
Banach space and {r„}„> the Rademacher sequence. Let {Fjv}n>o an d {GjvW>o De 
X -valued martingale difference sequences of the form 

N N 

F N = Y^ d k(ro>--->r k -i)rk> G N = ^h d k{rQ,---,r k -i)r k 

k=l k=l 

where d\ '■ {±^} k — » X is Bochner integrable and is a vector with entries 6+1. 
For any particular such /S, MT^(F N ) :- G N is a martingale transform. 

Definition 10. UMD p , po (X) := sup^lMT^P [0 ,i HL ™[o,i) 

Note that UMD p (X) = UMD pp (X). For definitions and properties regarding 
UMDp(X) for a Banach space X, refer to [5j. There is one property that is very 
useful in getting sharp estimates for singular integrals. The property is that 
UMD p {%f) =p*-lj where is a Hilbert space. 

3.3. Transference. The same proofs from Section [2731 apply here to the following. 
Lemma 11. Suppose 1 < p < p < oo andM e Jf^'^flR^), then ||T M || L p( IR d > cnwj iP o(]R'i,c m ) 

1 1 I \lp (T rf ,C" HLPo (T d ,C'" ) ■ 

Lemma 12. Suppose 1 < p < p < oo andM e Jf^'^flR^), then IITmII^p^c^^poiir^c") 

ll%llLP(T rf ,C" )->LP0 (T d ,<C m ) • 
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3.4. Lower Bound of Matrix-valued Multipliers. Let ^ be a trigonometric poly- 
nomial taking k variables in Q:=T d . The following Theorems have nearly identi- 
cal proofs to those in Section [2741 so we omit the details. 

Theorem 13. Let M e y£^H(]R d ), corresponding to T M and 



'-nk 

M 



V... Yx h jk e i ^K..e' { i^ ) ■= V... ^ M (ik)x h jk e i ^K..e'^' 6k) 

j k eZ» j ; l6 Z" j k eZ» 



IfO k eE k = clos iP {^ : \ Q Wx, 6 k )d6 k = 0} and p > p > 1, then 



N 



k=l 



^ \\T m \\lp(Q,C-)^Lpo(Q,C"<) 



Uo(Q d ,C m ) 

for all Oj eEx,...,<t> N eE N 



N 



k=i 



L?(Q rf ,C") 



For 1 < Pq < p < oo, denote --#p,p (M m ) as the collection of m x m matrix valued 
multipliers whose components are real, even, continuous (except possibly at zero) 
and homogeneous order zero functions in R n with ||M||j^ p() (]Rn) := HTmH^^p. We 
will use the notation jf p (M m ) for y€ prP (JM m ). 

Theorem 14. Suppose M e y€ PrPo (M m ). If there exists v ± e 1R' ! such that M^*) = 
5 ± U, where U is a unitary matrix and d + > b~ , then 



117} 



MllLP(IR 



",C"')->i po (IR",C"') ^ \\T M \\LP(Ti:",€ m )^LPo(W )C n 



> 



UMD p , po (C m ) 



Remark 15. The main application of Theorem 1141 will be to matices M that are 
unitarily diagonalizable and satisfy the needed assumptions. Recall, for example, 
that self-adjoint matrices are unitarily diagonalizable. Also, a 2 x 2 matrix that is 
the sum of a skew-symmetric matrix and diagonal matrix is unitarily diagonaliz- 
able as well, as we will use as an application in the next section. 

Remark 16. Notice how in Theorem 1 141 if we use a multiplier M that is nearly the 
identity matrix, but still satisfying all of the assumptions, then the estimate is 
quite bad, even though ||T M || should be approximately 1. This suggests that there 
is room for improvement with our result. 
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3.5. Applications. For the Ahlfors-Beurling operator defined as 

Bf(z):=p.v.-- f J^Ldm 2 {w), 
n J c (z-w) 2 

it is known that \\B\\ p :- ||B||lp(C)->lp(C) ^ P* _ 1> f° r an P such that 1 < p < oo, 
as originally shown by Lehto in [9| in 1965. There has not been (to the authors 
knowledge) an alternate proof of Lehto's result, but it now follows as an easy 
application of Theorem 1 141 

Corollary 17. ||f>|L >p*- I, for all p such that 1 < p < oo 



Proof. It is known that -B — R 2 - R\ + 2iRiR 2 (R\ and R 2 are the planar Riesz 

l«l 2 



transforms) and the multiplier corresponding to B is m(£) = — — *' 1 '' 2 =: m R (E,)+ 



im T {£,). Let M 



and f = u + iv. Since we have that m{E)f 



M(£) 



-m x (£) m B (£) ^ 

, then there exists an isomorphism taking (m/) v to (M/) v and pre- 



serving the norm. So we can conclude that ||B|| p = \\Tm\\lp(C)^lp(tr 2 )- Observe that 
0) = 1 and wzr(0, 1) = -1 are the maximum and minumum of wr on dB(0, 1) 
respectively. Theorem [T4l implies that 1 1 | (C)-^ (]R 2 ) > P* - 1- d 

Corollary 18. ||(jRf - R|)cos(0) + 2U 1 R 2 sin(0)||ip(c)^iP(c) = P* ~ 1 for all d and all 
1 <p < oo 

Proof. If |£ | = 1 then the multiplier corresponding to the operator is given by - 
^Jcosf? + 2^ 1 ^ 2 sin0 and can be written as cos(2</> - 6) by letting £i = coscp and 
^2 = sin0. So the multipier will achive its maximum and minimum of 1 and -1 on 
the unit circle. By Theorem[T4]we have the lower bound of the operator is p* - 1. 
The upper bound comes from ]6|. □ 



Assumption 19. For the remainder of the paper let us assume that the Iwaniec 
conjecture (||B|| p = p* - 1 for all 1 < p < oo) is true. 



Corollary 20. 



\\c(Rl -R\) + 2iR l R 2 \\ L p(C)^LP(C) = 
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for all p such that 1 < p < oo. 



Proof. If c > 1 , then it is easy to see that the operater is bounded below by c(p* - 1 ), 
by simply using the same argument as in Corollary II 71 The upper bound for the 
operator is (c - 1 )\\R\ - R 2 || p + ||B|| p < c(p* - 1 ) by [ELI] and since ||B|| p = p* - 1. 

If < c < 1, then we can write the operator as c\\(R\-R\) + 2i^RiR 2 \\p = c\\^(Rl~ 
since {R\ -R\) is unitarily equivalent to 2iR 1 R 2 (using a rotation 
by j). Applying the case when c > 1 gives the desired result. 

For the cases where c is negative we just need to observe that for multipli- 
ers of the form m(£) = ^p- > we have the property (T m /)(x) = {Tjfjf){x). This 

yields \\T m \\ p = \\T m \\ p . But, — ^p 2 '^ 2 is the multiplier corresponding the given 
operator and the conjugate corresponds to the operator c(R^ - R\) - 2iRiR 2 . So 
\\c(Rl~Rl) + 2fi? 1 R 2 || p = || - c{R{ -R\) - 2iR 1 R 2 || p = || - c{R\-R\) + HR^Wp. Using 
the two cases that we already have shown will give us the result for c negative. □ 



Corollary 21. Let F(z) :- (R^ -R\) + 2zRiR 2 , then for all p such that 1 < p < oo, 

' Vl + z 2 (p*-l), zeIR 
\\F(z)\\lp(C)^lp(C) = < (P*-1), Re(z) = 0, \z\ < 1 
\z\{p*-l), Re(z) = 0,|z|>l 



Proof. If z = x 6 E then ||F(z)|| p = Vl + x 2 -^=(R\ - R\) + -^=2R X R 2 = Vl+x 2 (p*- 



P 



1) by making the substitution x = tand and using Corollary 1181 The other two 
cases follow directly from Corollary |20[ □ 
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